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Abstract. In 1990, Beilinson-Lusztig-MacPherson (BLM) discovered a realization [l] 5.7] for 
quantum g[ n via a geometric setting of quantum Schur algebras. We will generalize their result 
to the classical affine case. More precisely, we first use Ringel-Hall algebras to construct an 
integral form Uy.(gl n ) of W(g( n ), where W(gl n ) is the universal enveloping algebra of the loop 
algebra g( n := flI„(Q) ® Q[t, t -1 ]- We then establish the stabilization property of multiplication 
for the classical affine Schur algebras. This stabilization property leads to the BLM realization of 
W(g[„) and Wz(g[„). In particular, we conclude that Wz(g[„) is a Z-Hopf subalgebra of W(g[,J. As 
a bonus, this method leads to an explicit Z-basis for Wz(gl n ), and it yields explicit multiplication 
formulas between generators and basis elements for Wz(gl n ). As an application, we will prove 
that the natural algebra homomorphism from Wz(gl n ) to the affine Schur algebra over Z is 
surjective. 



1. Introduction 

The positive part of the integral form of quantum enveloping algebras of finite type was 
realized by Ringel, see [221 [23] . This is an important breakthrough for the structure of quantum 
groups. Almost at the same time, A. A. Beilinson, G. Lusztig and R. MacPherson [H 5.7] realized 
the entire quantum gl n over the rational function field Q(t>) (with v being an indeterminate) 
via quantum Schur algebras. It is natural to ask how to realize the integral form of the entire 
quantum gl n . If this can be achieved, then one can relaize quantum $i n over any field. The 
remarkable BLM's work has important applications to the investigation of quantum Schur- Weyl 
reciprocity. The classical Schur- Weyl reciprocity relates representations of the general linear and 
symmetric groups over C(cf. [27]). This reciprocity is also true over any field (cf. (SIGH [7]). The 
quantum Schur- Weyl reciprocity at nonroots of unity was first formulated in [16] . Using BLM's 
work, the integral quantum Schur- Weyl reciprocity was established in [HI [9]. 

The BLM realization problem of quantum affine gl n was investigated in [10[|5]. In particular, 
it was proven that the natural algebra homomorphism from quantum affine Qi n to affine quantum 
Schur algebras over Q(v) is surjective in [5] (cf. [121 120j ). Furthermore, the universal enveloping 
algebra U(gl n ) of gi n was realized in [5] using a modified BLM approach. However, in the 
affine case, there are still many important unsolved problems. For example, the stabilization 
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property of multiplication for quantum Schur algebras given in [IJ 4.2] is the key to the BLM 
realization of quantum gi n . Furthermore, explicit multiplication formulas between generators 
and basis elements for the quantum enveloping algebra of gl n were obtained in [TJ 5.3]. But it 
seems hard to generalize these results to the quantum affine case. In addition, it is difficult to 
construct a suitable integral form for quantum affine gl n such that the integral quantum affine 
Schur reciprocity holds (cf. [5j 3.8.6]). 

In this paper, we will solve the above problems in the classical case. First, we will use Ringel- 
Hall algebras to construct a free Z-submodule ZYz(g[ n ) of the universal enveloping algebra U(gl n ) 
of the loop algebra g\ n in §3. We then prove in 16.11 a stabilization property for the structure 
constants of an affine Schur algebra, which is the affine analogue of pQ 4.2]. This property allows 
us to construct an algebra K,%{n) without unity. Then we consider the completion algebra JCq(ii) 
of JCz(n) and construct a Z-submodule Vz(ra) of JCq(ti). We will prove in 17.31 and 18.51 that Vz(n) 
is a Z-subalgebra of /Cq(ti) with nice multiplication formulas, which is the affine analogue of [U 
5.3 and 5.5]. Finally, we will prove in 19.2( 1) that Vq(ti) := V%{n) Q is isomorphic to U(g\ n ), 
which is the affine analogue of [TJ 5.7]. Furthermore, we will prove in 19.2( 2) that Uz(gi n ) is 
a Z-subalgebra of U(gl n ) and Vz(n) is the realization of Uz($l n ). As a result, we derive an 
explicit Z-basis for ZYz(flt n ) together with explicit multiplication formulas between generators 
and arbitrary basis elements for Uz{gl n ) (see 17.3118. II and [9~2]) . As a byproduct, we will establish 
affine Schur- Weyl reciprocity at the integral level in 19.51 

We organize this paper as follows. We recall the definition of Ringel-Hall algebras and ex- 
tended Ringef-Hall algebras in §2. Using Ringel-Hall algebas, we will construct a Z-submodule 
^z(flt n ) °f ^(fl'n) m We review in §4 the definition of affine quantum Schur algebras and 
generalize [TJ 3.9] to the affine case. Certain useful multiplication formulas for affine Schur 
algebras <S A (n, r)% will be established in §5. These formulas will be used to establish the sta- 
bilizaiton property for affine Schur algebras in 16.11 Then we use this property to construct an 
algebra KL%(n) without unity and derive some important multiplication formulas for the com- 
pletion algebra ICq(n) of K,%{n) in 17.31 In 18.51 we will use these formulas to prove that the 
Z-submodule Vz(n) of JCq(ii) constructed in §8 is a Z-subalgebra of JCq(ti). Finally, we will 
prove that U(gl n ) = V<Q(n) and Uz{g\- n ) — Vz(n) in 19.21 Furthermore, we will prove that Uz(gi n ) 
is a Hopf algebra over Z in 19.31 Using this realization for Uz{g\- n )i we will prove in 19.51 that the 
natural algebra homomorphism from Uz(gi n ) to S A (n,r)z is surjective. 

Notation 1.1. For a positive integer n, let M Aj „(Q) be the set of all matrices A = (aij)ij e z 
with aij £ Q such that 

(a) dij = a i+n j +n for i, j € Z; 

(b) for every i £ Z, both sets {j £ Z | ajj ^ 0} and {j € Z | o^j ^ 0} are finite. 
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Let Ma„(Z) be the subset of M Ain (Q) consisting of matrices with integer entries. Let 

(1.1.1) 6 A (n) := {A G M A , n (Z) j a M > 0, Vi + j}, 8 A (n) := {4 G M A , n (Z) | ay G N, V», j} 

Let Z™ = {{Xi) %& | Aj G Z, Aj = A,_ n for i G Z} and N A = {(Ai) ieZ G Z™ | A; ^ for i G 
Z}. We will identify Z™ with Z n via the following bijection 

(1.1.2) b:Z"^Z™, j i — = (ii,--- ,j„). 
There is a natural order relation ^ on Z™ defined by 

(1.1.3) A ^ [i Aj ^ ^ for all 1 ^ i ^ n. 

We say that A < [i if A ^ \i and A^/j. 

Let 2 = Z[t),v~ 1 ], where t> is an indeterminate, and let Q(v) be the fraction field of Z. 
Specializing v to 1, Q and Z will be viewed as iJ- modules. 

2. Ringel-Hall algebras and extended Ringel-Hall algebras 
Let A(n) (n ^ 2) be the cyclic quiver 



n 




12 3 n-2 n-1 



with vertex set I = Z/nZ = {1,2,... ,n} and arrow set {i — > i + 1 | i G /}. Let F be a 
field. A representation V = (Vi, fi)i£i of A(n) over F is called nilpotent if f n ■ ■ ■ /2/1 : V\ — > V\ 
is nilpotent. We will denote by Rep'A(n) = ReppA(n) the category of finite-dimensional 
nilpotent representations of A(n) over F. 

For i G /, let Si denote the one-dimensional representation in Rep*A(n) with (Si)i = F and 
(Si)j = for i ^ j. Let 

G+(n) = {A G 9 A (n) | ay = for i > j}- 
For any A = (ay) G A (n), let 

M(4) = M F (A) = (HjM^, 

where M 8J is the unique indecomposable representation of length j — i with top Si. For A G 
0^(71), let d(A) G NI = N n be the dimension vector of M(A). We will sometimes identify NI 
with N" under (TTOD . 

Given modules M, N\, - ■ ■ , iV m in Rep'A(n), let F^„ N be the number of the filtrations 

= M m C Af m _i C • • • Mi C M = M 
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such that M t _i/M t =S N t for all 1 < t ^ m. By [24] and [II], for A, B 1: ■ ■ • , B m G B^(n), there is 
a polynomial y^...^ € 7L\v 2 \ in u 2 such that, for any finite field F of q elements, ( fB 1 ---B m \v 2 =q = 
^Mw(bI)-m v (b )• Moreover, for each A G 0^"(n), there is a polynomial cia = aA(v 2 ) G Z[v 2 ] in 
v 2 such that, for each finite field F with q elements, uaIv?^ = | Aut(MF(A))|. 

For a = (oj) £Z" and b = (6j) G Z™, the Euler form associated with the cyclic quiver A (re) 
is the bilinear form (—,—) : Z™ x Z" Z defined by 

(a, b) = ciibi - Qifei+i- 

Let -^(n) be the (generic) Ringel-Hall algebra of the cyclic quiver A(n), which is by definition 
the free module over Z = Z[u,u _1 ] with basis {ua = u\m(A)] I A G ©A^( n )}- The multiplication 
is given by 

U A U B = V^ A ^ £ V C A,B(V 2 )UC 

cee+(n) 

for A,B G 9^(ra). For A G 9^ (re), let 

U A = v dimEad ( M (A))-dimM(A) u ^ 

Now let us recall the triangular relation given in [6l (9.2)] for the Ringel-Hall algebra $)&(n). 
For M,N G Rep'A(n), there exists a unique extension G (up to isomorphism) of M by iV with 
minimal dimEnd(G), which will be denoted by M * N in the sequel (see [U EI])- Let A4 be 
the set of isoclasses of nilpotent representations of A(n) and define a multiplication * on Ad by 
[M] * [N] = [M*N] for any [M], [N] G M. Then by d §3] A4 is a monoid with identity 1 = [0]. 

For A G N™ let 

S\ = @i = i\Si 

be the semisimple representation in Rep'A(n). A semisimple representation S\ is called sincere 
if A is sincere, namely, all Aj are positive. For 1 ^ i ^ n let G N" be the element satisfying 

Kcf) = e< = (0,... ,0, 10,..- ,0), 

(*) 

where b is defined in f j 1 . 1 . 2 [) . Let 

/ = {ef , , • • • , e^} U {all sincere vectors in N™}. 

Let E be the set of words on the set /. For w = aia2 • • • a m G S, let p + {w) G ®&(n) be the 
element defined by 

[S ai ]*---*[S am ] = [M(p + (w))}. 
Thus we obtain a map p + : £ — > 0^(n). Let 

®a ( n ) = {^£ ®a(") I = for 2 ^ j}. 
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For w = ai8L2 • • • a m G X we let 

l w = a m • • • a 2 ai. 

Let p~ be the map from £ to 6^~(n) defined by p~(w) = t (p + ( t w)), where t (p + ( t w)) is the 
transpose of p + (hv). By [61 3.3] the maps p + and p~ are all surjective. 

Following [TJ 3.5] and |10| we may define the order relation =^ on M Ai „(Z) as follows. For 
A G il&, n (Z) and i^jeZ, let 

crij(A) = o S)t if i <j, and cr^- (A) = o S)t ifi>j. 

For A,B G M A) „(Z), define 5 ^ A if crjj(B) < ay (A) for all j / j. Put 5 -< A if 5 ^ A and, 
for some pair (i, j) with i ^ j, aij(B) < 
For A G N™ let ua = ur^i and let 

_ u dimEnd(S , A)-dimS , A n ^ 

Any word w = aia 2 • • • a m in £ can be uniquely expressed in the tight form w = b^b^ 2 • • • b^* 
where xi = 1 if bj is sincere, and x\ is the number of consecutive occurrences of bj if bj G 
{ef , ef , • • • ,e*}. For u? = aia 2 • • • a m G £ with the tight form b^b^ 2 • • • b*' let 

U( w ) = u Xlhl u X2h2 ■ ■ ■ u xtht G $j&(n). 

By [6, (9.2)] and [1U|, 6.2], we have the following triangular relation in fj A (n). 

Proposition 2.1. For A G Q&(n), there exist wa G £ such that p + {wa) = A and 

U(w A ) = E Ib,aub 
see+(n) 

S^A, d(A)=d(S) 

where fs,A £ -2 anc? = 1. In particular, i} A (n) is generated by u\ for A G N". 

Let SjJji) = fidp) <8) Q(f). The algebra Sy&(n) does not have a Hopf algebra structure. 
However, if we add the torus algebra to Sy A (n), we may get a Hopf algebra Sj A (n)^°, called the 
extended Ringel-Hall algebra. Let Sj^n)^ be a Q(v)-space with basis {u\K a \ a G XI, A G 
9+(n)}. Let 6+(n)i := 8+(n)\{0}. 

Proposition 2.2. The Q(v)-space Sj&(n)^° with basis {u\K a \ a G ZI, A G 0^(^)} becomes a 
Hopf algebra with the following algebra, coalgebra and antipode structures. 
(a) Multiplication and unit: 

Cee+(n) 

= v {d{A) ' a) u\K a , for all a G "LI, A G 6+(ra), 
K a K/3 = K a+ p, for all a, (3 G ZJ. 
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with unit 1 = Uq = Kq. 
(b) Comultiplication and counit (Green |14|): 

A(4) = E 

A,BeS+{n) 

A(K a ) = K a (g> K a , where C G @£(n) and a G ZI 



ac 



mt/i counit e satisfying s(uq) = /or all C G 0^"(n)i and e(K a ) = 1 /or a// a G Z/. 
#ere ; /or each a = (a*) G ZI, iT Q denotes (Ki) ai ■ ■ ■ (K n ) a ™ with Ki = KiK~+ x . 
(c) Antipode (Xiao [28j ) : 



o-(n+) = fc, +E(- i r E 



— ( Pc 1 ,...,C n ( Pc n ,...,Ci u D K -d(C), 



for all C G 0&(n), and a(K a ) = K_ a , for all a G ZI. 



We conclude this section by introducing the integral form f)&(n)^° for SjJji)^ u . For c, t G Z 
with i > 1, let 



\>0 



Kf,c 



J] — — ^ and 



f° — v 



Ki;c 



Let ^a(^)'' be the 2-submodule of Sj^n)-" spanned by all Mj[H 1<i<Tl 
G^(n), Si G {0,1} and A G N™. 



1. 



A* 



iff 1 , where A G 



Lemma 2.3. $)&(n)^° is a Z-Hopf subalgebra o/ij A (n 



.^0 



Proo/ Clearly, for A G 0^(n), 1 < % < n and t G N, 

"#i;<d(A) jC £) 



(2.3.1) 



*Q;0 



This together with [191 2.14] implies that f)&(n)^° is a Z-subalgebra of Sjjn) 



\>0 



For m G N, let [mj ! 
withA = £ 1<i<m A« 



m 



where [i] = £f^. Clearly for A, A^, • • • ,A( m ) G N™ 

n (* 



A« • • • A„ (m) 



OA 



lv 2X >-v 2s ) 



O^s^A^-l 



where 
(2.3.2) 



aR...,aH 



(!)„! IT), ("Oil 



[An ! -iA 



. We conclude that 



A(uj 



E 



.(A^A 1 '}; 



\>0 



A^aW+aM 
xCOeNP, Vi 
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and 
(2.3.3) 

(t(«+) = «5 A)0 + ^(-1) 



\>0 



£ 

oee+(n) 



Furthermore, by [25;, (2.1), (2. 2)], we have 
(2.3.4) A 



Ki-,0 
t 



and 
(2.3.5) 



a 



Kf,0 



t+j 


-KnO- 




'Ki-,0- 




3 




t-3. 



Gi5 A (n) >0 (g)^ A (n 



Kii-1 + i 
t 



e ^(n) >0 . 



Consequently, io A (n)^° is a Hopf algebra over Z, since f) A (n)^° is generated by u^, i^ 1 and 



Ki-,0 
t 



for all A G N™, 1 < i < n and i G N by EU 



□ 



3. The integral form Uz(gt n ) of U(gl n ) 
Let fll n (Q) be the general linear Lie algebra over Q. Let 

g[ n :=g[ n (Q)®Q[t,t- 1 ] 

be the loop algebra associated to gl n (Q). For i, j G Z, let E^- G M A;n (Q) be the matrix (e^i)k,iez 
defined by 

1 if k = i + sn, I = j + sn for some s€Z; 
otherwise, 

Recall the set -M A>n (Q) defined in 11.11 Clearly, the map 



•2n 



® i , 1 < i, j < n,l G 



is a Lie algebra isomorphism. We will identify the loop algebra g\ n with M A>n (Q) in the sequel. 

Let U(g\ n ) be the universal enveloping algebra of the loop algebra g{ n . Let U Jr {gi n ) (resp., 
U~{gi n )) be the subalgebra of U(gl n ) generated by E^- (resp., E^) for all i < j. Let U°(gl n ) be 
the subalgebra of U(gl n ) generated by E^ for 1 ^ i ^ n. 

We may interpret the ±-part of U(gl n ) as the specialization of Hall algebras. Let ^a( w )q = 
i} A (n) <8>2 Q, where Q is regarded as a iJ- module by specializing u to 1. We shall denote ua <S> 1 
by Uyil f° r ^ G 6 A (n). 
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Lemma 3.1 ([5j 6.1.2]). (1) The set 



n 



U <H,3 

.,1 



A=( ai)j )ee+(n)\ 



forms a Q-basis of S) a (u)q, where the products are taken with respect to any fixed total order on 
{(i,j) | 1 ^ i <n, % <j, j eZ}. 

(2) There is a unique injective algebra homomorphism l + : $)&(ji)q — > U(gl n ) (resp., l~ : 
^tij 1 )^ U(dl-n)) taking u E A, t h-> E^- (resp.,u E ^ x i->- for alii < j such that t + (S) A (n) Q ) = 
U + (Ql n ) and L-(Sj A (n)°^) =U~(Ql n ). 

Let U >0 ($l n ) = U + (Ql n )U°{gl n ) be the the Borel subalgebra U >0 (&l n ) of uQ n ). We now 
show that the algebra isomorphism t + : Sj A (n)q — > U + (gi n ) can be extended to a Hopf algebra 
isomorphism between the specialization Sj A (n)n of fj A (n)^° at f = 1, K{ = 1 and U^°(qI„). 



Let ^a(^)q° = F)A( n )^° ®z Q- We shall denote x = ® 1, ff^i = l£j (g) 1 and 
1 for A 6 9^(n), 1 ^ z ^ n and i € N. Let 



*Q;0 



Kffl 
t 



Sj A (n) 



ii 



We will use the same notation for elements in fy A (n)^° and Sj a (u)q°. The algebra Sj A (n)^° inherits 
a Hopf algebra structure from that of f) A (n)^°. 



Lemma 3.2. There is a Hopf algebra isomorphism 



i >0 : Un) 



defined by sending u~^ A 1 to E^, and 



K t ;0 

i 



to E£i fori<j. 



Proof By [HI 2.3(g9),(gl0)] we have in i} A (ng°, 



~Ki;±l 




"jfijO" 


1 


1 


1 



± 1. Thus by (l2XTjl we 



have in .f) A (n) 



i^;0 
1 



u 



K f ,0 
1 



u' 









l 


i 


I— 1 



for 1 ^ i ^ n and k <l. This together with l3.1f 2) implies that there is an algebra homomorphism 
/ : U>°Q n ) i} A (n)g° such that = u+ A and f(E( 



Ki-,0 
1 



for i < j. Since, by 



4.1(d)], 



'Ki-fi' 






1 


1 


1 



j for 1 ^ i ^ n and j € Z, it follows from |18l 4.1(f)] that, we 



have in S) A {n) 
(3.2.1) 



>o 



i^;0 



J i 



k n 



l 



si 
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where 



t\ 



Thus by [19, 2.14] andHD[l) / sends the PBW-basis 



ii n 



Si 



A = (ay) e e+(n), AeN™ 



for ZY^ (g[ n ) to a Q-basis for i^ A (n)o°- Consequently, / is an algebra isomorphism. Finally, since 



x) = «ea. x ® 1 + 1 <8>«ba. v A 









K f ,0- 


01 + 1® 


'Ki-,0' 


( 


y 




1 




1 


l 


1 



and 



u p<& 1) °" 

i,j> 





"-KijO" 






( 




>- 


l 



for i < j, we conclude that / is a Hopf algebra isomorphism. 



□ 



We now use Ringel-Hall algebras to define the integral form Uz(gl n ) ofU(gl n ). Let U% (fll n ) = 
t + (fj A (re) z ) and U% (gl n ) = i~(fj A (n)g P ), where f) A (n) z = ^>A( n ) Z and Z is regarded as 
a Z- module by specializing v to 1. Let U%(Ql n ) be the Z-submodule of W(f)l n ) spanned by 



'EA 



for A € N A . Let 



Wz(flI n )=W+( [ n )Wg(gI n )Wz(0[ n ). 



We will prove that Uz(Ql n ) is a Z-subalgebra of W(jjl n ) and give a BLM realization of ZYz(fll n ) in 
Furthermore, we will use 13.21 to show that Uz(Ql n ) is a Z-Hopf subalgebra of U(gl n ) in 19.31 



4. Affine quantum Schur algebras 

Let be the group consisting of all permutations w : Z — )• Z such that + r) = u;(i) + r 
for i € Z. Let TV be the subgroup of (5 Ajr consisting of w £ ©/^ with Yll=i w (f) = S[=i *■ By 
[17] , is the Weyl group of affine type A with generators (1 ^ i ^ r) defined by setting 
Sj(j') = j for j j£ mod r, Sj(j) = j — 1 for j = j + 1 mod r and Sj(j) = j + 1 for j = i mod r. 

The subgroup of generated by si, . . . , s r _i is isomorphic to the symmetric group & r . Let p 
be the permutation of Z sending j to j + 1 for all j € Z. Then (5^ = (p) x W. We extend the 
length function £ on to 6 Ajr by setting £(p m w) = £(w) for all m € Z, u; G W. 

The extended affine Hecke algebra H&(r) over 2 associated to <3a t is the (unital) 2-algebra 
with basis {T w } W £@. r , and multiplication defined by 

T 2 = (t; 2 - 1)T 8 . + u 2 , for 1 < i < n 
T W T W , = T w , if ww') = £{w) +£{w'). 
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For A = (Ai) i6 z G let ^( A ) = Ei^ n A *- For r ^ we set 

A A (n,r) = {\£N2\a(\) = r}. 

For A G A A (n,r), let ©a := ©(Ai,...,A n ) be the corresponding standard Young subgroup of & r . 
For each A G A A (n,r), let x\ = J2we& x ^ ^ Hjr). The endomorphism algebras 

S A (n, r) := End^ (r) f xxHdr) j . 

are called affine quantum Schur algebras (cf . [HI [131 20J ) . 

Following |13j . we will introduce a 2-basis of 5 A (n,r) as follows. For A € A A (n,r), let 

^ = {d | d G ©^(wd) = £(w)+£(d) for w G 6 A }- 

Note that we have 

(4.0.2) d- 1 G ^ ^ d(A ,i-i + 1) < d(A ,i-i + 2) < • • • < d(A ,i-i + A;), VI < i ^ n, 

where A 0) i-i = Z)i<t<i-i -V Let = ^ n ^ _1 - For A, G A A (n,r) and de^^, define 
0^ G <S A (n, r) as follows: 

(4.0.3) tipfah) = 6^ Yl Twh 

where f G A A (n,r) and /i G H A (r). Then by [13] the set | A,/i G A A (n,r), dG^^} forms 

a basis for 5 A (n,r). 

Recall the sets 6 A (rz) and A (n) defined in (jl.l.ll) . For A G A (n), let a(A) = E]_<i<n jez a hj- 
For r ^ 0, let 

9 A (n,r) = {AGG A (n) | <r(A) = r}. 

The basis for <S A (n, r) is indexed by triples {(A, d, (j,) | A, /x G A A (n, r), d 6 ^ }. In what follows 
next, it will be convenient to reindex these basis elements by the set A (n, r). For 1 ^ i ^ n, 
A; G Z and A G A A (n, r) let 

Ri+kn = {^fc,i-l + 1) ^k,i-l + 2, . . . , Afc^-i + Aj = Afc^}, 

where \k,i-i = kr + Yli<t<i-l By [261 7.4] (see also [TOj 9.2]), there is a bijective map 

j A : {(A, d,n)\d€ A, /i G A A (n, r)} — > 6 A (n, r) 

sending (A, «;,//) to A = (a^), where = PI io-R^I for all fc,I 6 Z. If A,/i G A A (n, r) and 
d G are such that ^4 = j A (A, d, /j), we will denote ^ by and let 

[vl] = v~ dA e A , where d A = ^ a itj a kj i. 
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By [201 1.11], the ^-linear map 

(4.0.4) r r :S A (n,r) -^<S A (n,r), [A] \ — > [*A] 

is an algebra anti-involution, where *.A is the transpose of A. 



Let 



e^(n) = {ie 6 A (n) | a iti = for all i}. 



For ^ G &t( n ) and J G z a > define A(j,r) G <S A (n, r) by 

A(j,r) = ^ u^k^" x iii[A + diag(A)]. 

AeAA(n,r"-o-(A)) 

The affine quantum Schur algebra S A (n, r) and the Ring-Hall algebra fj A (ra) can be related by 
the following algebra homomorphism defined in [26, 7.6]. 

Proposition 4.1. (1) There is a Z-algebra homomorphism 

V - : Sj A {n) op — > S A (ra,r), 5 A .— > (*A)(0,r) /or all A G G+(n). 

(2) Dually, there is a Z-algebra homomorphism 

: $) A (n) — ► S A (n, r), ua i — ► A(0, r) /or all A G 6^(71). 

We end this section by generalizing [1, 3.9] to the affine case. This is the first key result in 
proving stabilization property of multiplication for affine Schur algebras. 

First we will use the triangular relation for Ringel-Hall algebras to get similar relations for 
affine quantum Schur algebras. For a G let 

(4.1.1) A a = B a = \A a )= £ aiEt +hi G @ A (n). 

For w = aia 2 • • • a m G E with the tight form bj^bf 2 • • ■ b%*, let 



m 



(w),r 



Vr ( u (w) ) = ^xibi (0, r)A X2h2 (0, r) ■ ■ ■ A xtht (0, r) G S A (n, r) 



m (w),r = ■ B a;ibi(0,r)B a . 3 b 2 (0,r) • • • B Xtht (0,r) G S A (n,r). 
For A G @ A (n), we write 

(4.1.2) A = A + + A° + A~ 

where A + G @ A (n), A~ G ® A (n) and A is a diagonal matrix. 

Lemma 4.2. For any A G 0^(71), i/iere exist wa+,wa- G £ sttc/i that P + {wa+) = A + , 
P~{wa~) = AT and 



v • " J see+(n), b=;a+ see^w^^A- 

d(A+)=d(B) d( t S)=d( t (A-)) 

/or any r ^ 0, where fs,A+y 9b,a~ £ Z is independent of r and /a+,a+ = 9a~,a~ = 1- 



12 QIANG FU 

Proof. The first equation follows from 12,11 and 14.11 Now we assume A G (n) . Then t A G 
@£(n). Thus there exist a)£S such that p + (w) = *A and 

«t),r = E /fl,^(0,r). 

see+(n), s^*a 

d('A)=d(-B) 

Since X ^ Y if and only if 'X V for X, Y G A (n) , applying the antiautomorphism r r defined 
in ([4.0.41) to the above equation yields 

W = T '(i)P = E /B,U(^)(0^)= £ 5C.AC(0,r), 

d( t A)=d(B) d(*A)=d( t C) 

where = *io and g c ,A = ftc*A- n 
For A G 9 A (n) let 

ro(A) = ay) i£Z , co(A) = (J2 ^j) J& G Zg. 

For A G @&(n) with o~(A) = r, we denote [A] = € <5 A (n, r) if a^j < for some i 6 Z. For 
A G 6 A (n,r), let 

a(A) = {o-i{A)) i& G A A (n,r) 

where o"i(A) = a^i + J2j<i( a i,j + a i,0- m the following discussion we shall denote by [A] + 
lower terms an element of S A (n, r) which is equal to [A] plus a 2-linear combination of elements 
[A'] with A' G A (n,r), A' -< A, co(A') = co(A) and ro(A') = ro(A). The following triangular 
relation for affine quantum Schur algebras is given in (5J 3.7.7]. 

Proposition 4.3. For A G A (n) and A G A A (n,r) ; we /tawe 

A + (0,r)[diag(A)]A~(0,r) = [A + diag(A - cr(A))} + lower terms. 

In particular, the set 

{A+(0,r)[diag(A)]A-(0,r) | A G 9^(n), A G A A (n,r), A ^ <r(A)} 

forms a Z-basis for 5 A (n, r), where the order relation ^ is defined in ([1.1. 3|) . 

Lemma 4.4. Ze£ A$, -Bj G A t (ra) (1 ^ j ^ s, 1 ^ j ^ and A G A A (n, r). T/ien we have 
Ai(0, r) • • • A s (0, r)[diag(A)]Bi (0, r) • • • B t (0, r) 
= [A x + diag(A«)] • •• [A, + diag(A^ )][5i + diag(/i«)] • •• [B t + diag(//'))] 

where = A-co(A i )+^ i+ i <fe < s (ro(A fe )-co(A fe )) and = A-ro(J5A + Ei s ^j-i( co ( B fc) - 
ro(Bfc)) /or 1 ^ z ^ s and 1 ^ j ^ i. 
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Proof. Clearly, for any A G 6^(n) and A G A A (n, r), we have [diag(A)] = [diag(A)] 2 and 
(4.4.1) A(0, r)[diag(A)] = [diag(A - co(A) + to(A))]A(0, r). 

Repeatedly using (|4.4.ip . we conclude the assertion. □ 
Now we can prove the affine version of [TJ 3.9]. 

Proposition 4.5. Let A G A (n,6). We choose w^+,w^- G S such that (|4.2.1f) hold. We 
assume and have tight form = a^ 1 • • • aj s , w^- = b^ 1 ■ ■ ■ b^" and let Ai = A Xi&i , 
Bj = By.fr. for 1 ^ i ^ s and 1 ^ j ^ t. Then the following identity holds in <S A (n, an + b) 

[ a [Ai + diag(A( 1 )))] • • • [ a (A s + diag(A( s )))][ a (i? 1 + diag( M (1) ))] ■ ■ ■ [«(Bt + diag( M (t) ))] 
= [ a A] + lower terms 

for any a ^ 0, where AW = a{A) — co(^4j) + Yli+i<k<s( TO ( A k) ~~ co (^fc)) an d = °"(^) ~~ 
ro (^i) + T,i^j-l(. co ( B k) ~ TO ( B k)) for 1 ^i ^ s and 1 ^ j ^t. 

Proof. By (|4.2.ip and 14.31 for any r ^ and A G A A (n, r), we have 

m (L A+ ),r[ dia g( A )]% A -),r = l A± + di& g( A ~ <T ( j4± ))] + l0Wer termS - 

Now the assertion follows from 14.41 □ 
5. The fundamental multiplication formulas for affine Schur algebras 

We derive certain useful multiplication formulas for affine Schur algebras in 15.31 These for- 
mulas is the second key result for the proof of the stabilization property of multiplication for 
affine Schur algebras. 

We need some preparation before proving 1BT31 For a finite subset X C &^ r , let X_ = YlxeX x e 
Q@A,r- It is clear that for A,/jG A A (n,r) and w G S^n 

(5.0.1) ©awSv = |to _1 6AW n & fl \&xw& R . 

Lemma 5.1 (0 3.2.3]). Let A,|i £ A A (n, r) and d G Assume A = j A (A, d, /i). T/ten 

d _1 © A dn 6 M = w/zere z/ = (i/ 1 ), . . . ,z») and i/W = {a ki ) k& = (. . . ,a H , . . . ,a ni , . . .). 

Lemma 5.2. Assume \i G A A (n,r), /3 G N A is such that [i ^ /3. 

(1) Lei a = Ei^J/^ ~ Pi) e i-i> s = ( a n, Pi, «i, £2, ' ' ' ,«n-l,/3 n ) and 

r = {(F ,Fi,--- ,y n _i) I^Ci?^, 1^1 = Qi , /or0<i<n-l}. 
T/ien i/iere is a bijective map 

defined by sending w to (w~ Xq, w~ Xi, ■ ■ ■ , iu X n _i) where Xj = {/io,i + 1, ^o,i + 2, • • • ,^o,i + 
aj, m'tfi £to,i = Ei^^, Ms and /i ,o = 0. 
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(2) Let 7 = (i -13, 9 = (/3i,7l,#2,72,--- >Pn,ln) 

y = l£ • • • , | y/ C \Y(\ = 7i , /or 1 < i < n}. 
T/ien i/iere is a bijective map 

defined by sending w to (w X[,w X' 2 , • • • , w~ l X' n ) where X- = {/i ,i-i + A + 1 ; Mo,i-i + A + 
2, • • • i Mo,i}- 

Proof. We only prove (1). The proof of (2) is similar. 

We assume wi,u>2 G ^jfl ©^ is such that $(u>i) = t?(u>2). Since uii,ui2 G by (|4.U.2|) . for 
1 ^ j ^ 2 we have 

(5.2.1) «; f - 1 0')<«'r 1 0'+i) 

if either {j, j + 1} C X^ or {j, j + 1} C R^.X^X^ for some ^ k ^ n — 1. Furthermore, we 
have = ^ 2 _1 (i?^ +1 \Xj) for ^ i ^ n — 1, since w± 1 X i = u;J X{ and u>i, W2 G ©/i- 

Thus, w^(j) = w^(j) for j € Uo<^n-i(** U = Uo^«-i*£+i = M~- ,r}. 

Consequently, wi = W2- 

Let (For" ,F n _i) G iy. We write F; = • • • , fei )QI J and i?f +1 \F = {A^+i, ■ ■ ■ ,h,m +1 } 
where k i}1 < k i)2 ■ ■ ■ < k im and k ij0li+ i < k ijai+2 < ■ ■ ■ < h,m+i for all i. Define w G ©^ by 
letting w~ 1 (^o,i + s) = foj )S for ^ i ^ n — 1 and 1 ^ s ^ /ij+i- Then u; € 3>$ H ©^ and 
$(k;) = (Yo, Yi, • • • , F n _i). This finishes the proof. □ 

Let <S A (n, r)z = 5 A (n, r) ® Z and 5 A (n, r){j = <S A (n, r) ® Q, where Z and Q are regarded as 
-Z-modules by specializing v to 1. We will identify 5 A (n,r)z as a subalgebra of <S A (n, r)q. For 
A G 9 A (n,r) we will denote [vl] <g) 1 by [A\\. 

There is a natural map 

(5.2.2) ~ : 9 A (n) -> 6 A (n) ,4 = (ay) i— > 2 = (ay), 

where Sjj = a*— ij for all i, j G Z. We now give some multiplication formulas in the affine Schur 
algebra 5 A (n,r)^ over Z, which are the affine version of [U 3.1]. 

Proposition 5.3. Let A € G A (n, r) and /i = ro(^4). Assume (3 G N A is such that j3 ^ fi. Let 
a = Y^KiKni^ ~ Pi) e i-i an d 7 = ^-/3- Then in S A (n, r)% 



(1) 



E a^+diagtfo] [^]i= E II ';- lj+ ' ij )^+T-r] i; 



Tee A (n), ro(T) = a l^i^n 
«i,j-ti-l,j+tij>0,Vi,J jsz 
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(2) 



£ 7^ A +m + diag(/3)| [A]i = II + tr 1,j ~T + T] 



1- 



Tge A (n), ro(T) = 7 l^i^n 



Proof. We only prove (1). The proof for (2) is entirely similar. 

Let 5 = Eis^n "i^V+i + dia %(.P)> A = ro (- B )' " = co (^)- Assume di € ^ and d 2 G ^ 
are such that Ja(A, di, fi) = B and j A (^, c?2 , ^) = A. Clearly, by f|4.Q.2[) . we have 

(5.3.1) di (?) = — Q n + i for 1 ^ i ^ r. 

ByOand (fo^T]) . 

[sii^lif©^ = 6 A rfi©„ ■rf 2 -tne, 



1 



16 



II -^- [ &\d 1 &^ d 2 -Gr L 

jez 



e n ^t^ h ]i(6, 



where 6 W = d 2 1 G ll d 2 n 6^, 65 = c^Sa^i n 6^ with 5 = (a n , fa, ai, fa, • ■ ■ ,a n -x,fa) and 
C H = ( C (J) with c g) = j^A n diwd2 py\_ Thus we have 



>), 



(5.3.2) [5]i[A]i= £ HTTP' 



jez 

Let us compute for w G ^ fl as follows. Since, by (|5.3.ip . d^ l {j) = a n + j for 

1 ^ j ^ r, we have 

c^r 1 ^ = «n + Ri = {(M),i-x + + 1, Mo,i-i + a»_i + 2, • • • , /x ,, + aj = \-Xi_i) U 
for 1 ^ i ^ n, where = {/xo,j + 1, /io,j + 2, • • • , //o,i + Thus, since Ja(m> d 2 , v) = A, we have 
(5.3.3) eg 5 = n dxwd 2 R^\ = {w^d^Rf n <fci^| = ay - igj + 4? 
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for w G S^nG^, KKnandjeZ, where = \w~ 1 X i nd 2 R^\. Note that, for w G ^£n6 M , 
the numbers ^ with 1 ^ i ^ n and j £ Z determine an unique matrix = (ij™ in 
G A (n) by letting 4+L,i+fcn = Consequently, 



^(lil) _ £ _|_ ji(to) _ Ji(te) 



for u> G © M . 



Now, by (15X21) and noting ro(TW) = a for w G ^ D © 



A'' 



(a, . _ t W ++( W )V 

™^]i= E II ,J V + rW-ffr)]! 



(5.3.4) 



\ X{T )\ \{ Ki ^- 1 ;i + ^) ! [A + r-f] 1 

Tee A (n), ro(T) = a lsji^n l >-? ' 

where X(T) = G ^HSu | = T}. By restriction, for each T, the bijective map $ defined 
in 15.21 induces a bijective map $t '■ X(T) —¥ ^(T), where 

<y(T) = {(Y , • • • , F„-i) G r I |Y n d 2 i^| = iy, for ^ n - 1, j G Z}. 

Furthermore, for each T there is a natural bijective map k : y(T) — > -Z(T) defined by sending 
(Y , • • • ,Yn-l) to (Fi n d2Rj)o^ n -l,j€Z, where 

Z(T) = {(Zij) ^n-i,iez I \ z i,j\ = k,j, Zij C n d 2 i?J, for ^ i ^ n - 1, j G Z}. 

Consequently, 

\m\ = mt)\ = wry = n h +i A= n (7**0. 

Thus, by (1LMJ) and noting Ili^n, jeZ*M ! = Ili^n, jez 

HiW' = £ n FT^T^^"-^' 



E n ( aw ~*j: w+<w )[A+r-f| 1> 



Tee A (n), ro(T) = a l^i^n 

*i-i 1 i+*i, J ->o,Vi,j jez 

proving (1). □ 
For A G @&(n) and a G Z we set 

a ^ = A + a/ 

where I G OaC 71 ) is the identity matrix. Note that if a is large enough, we have a A G Qjn). 

Let x be an indeterminate. We denote by Z\ the subring of Q[x] generated by 1 and { a ~+ x ) 
for a G Z and f G N. 
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For T G G A (n) and A G 6 A (n) let 



r> I \ TT f a M — ^i— 1,1 + ij.i \ "I T / — H—l.i + ^i.i + ^ \ 



and 



Qt ' a(x)= n ( ^/ j n { t _ Xi j^- 



From l5\3j we immediately have the following result. 

Corollary 5.4. Xe£ A, B G A (n) is sucfo i/iai co(B) = xo(A) and let b = a(A) = a(B). 

(1) If B — X^i^i^n a i^ti+i i s diagonal for some a G N™. Then for large a and r = an + b, we 
have in <S A (n, r)%, 

[«B]i[ a A]i= £ P T ,A(a)[a(^ + T -?)]!. 

Tee 4 (n),ro(T)=a 

(2) ifB-Y: lsgi^n a i-^i+i,i * s diagonal for some a G N™. Then for large a and r — an + 6, we 
have in <S A (n, r)^, 

[ a B]l[«A]i= £ Qt^^U^-T + T)]!. 

T6e 4 (n),ro(T) = a 

6. The algebra /Cz(n) 



We now use 14.51 and 15.41 to derive the stabilization property of multiplication for affine Schur 
algebras, which is the affine analogue of [H 4.2]. This property allow us to construct an algebra 
JCz(n) without unity. 

For A G 8 A (n), define (cf. p]) 

mi - £ (j -' )( 7' + 1) a ,. J+ e ( '" j)( 7 j+1> ^- 



Let A (n) ss be the set of X G A (n) such that either X — Yli^i^n aiE^ i+l or X — Yli<i<n a i^t+i,i 
is diagonal for some a G N A and let 6 A (n) ss = 6 A (n) ss n A (n). 

Proposition 6.1. Ze£ ^4,5 G A (re) suc/i i/iai co(B) = ro(yl) Then there exist unique 
X\,--- ,X m G A (n) ; unique Pi(x),--- ,P m (x) G iJi and an integer ao ^ suc/i that, for 
all a ^ ao, 



(6.1.1) [«5]i[»A]i= ^ P(a)[ a X, 

in the affine Schur algebra 5 A (n, an + a{A))%. 



i\ i. 
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Proof. If B G Q A (n) ss then the assertion follows from [531 So, by induction, if B±,--- ,Bi G 
A (re) ss are such that co(-Bj) = ro(2?j + i) and co(Bi) = 10(A), then there exist lj G A (ra), 
Qj(x) £ Zi (1 ^ j ^ m), and a G N such that 

(6.1.2) [ a £i]i---[a£*]iM]i= ^ Q»U*i]i 

ici^"i 

for all a ^ ao- 

In general, we apply induction on \\B\\. If ||5|| = then B is diagonal and [ a -B]i[ a ^4]i = [ a ^4]i 
for all large enough a. Assume ||-B|| ^ 1 and the result is true for those ||-Bi|| with \\Bi\\ < \\B\\. 
Choose b G N such that G ®&(n) and applyH3]to bB. Thus, there exist B\, ■ ■ ■ , Bn G A (n) ss , 
such that co(-Bj) = ro(i?j + i) and 

[ a Bi]i ■ ■ ■ [ a B N ]i = [ a+ bB]i + lower terms 

for a G N. Let A* = Bi - bl G G A (n) ss for 1 sC i sC N. Then we have 

(6.1.3) [cM]i ■ ■ ■ [ c 4]i = [ c -6-Bi]i • • • [c-bB N ]i = [ c B]i + lower terms 

for c ^ b. By ([6TL2D . there exist Z j} G 8 A (n) and Q;(x), Q^-(x) G 2i (K i ^ m, K j ^ m') 
such that 

(6.1.4) [ c Ai]i ■ ■ • [ c A N ]x = Qi(c)[ c Zi]i, 
and 

(6.1.5) Ui]i-[A]iU]i= Yl Q'A^Z'j}! 

for all large enough c. Comparing (I6.1.3P with f)6. 1 .4f) . we see that we may assume that Z\ = B, 
Qi(x) = 1 and Zi -< B for 2 ^ i ^ m. Thus by (I6.1.4P and (I6.1.5p . for large c, 

[ C B] 1 [ C A] 1 = [ C A 1 ] 1 ---[ C A N ] 1 [ C A] 1 - Y Q l {c)[ c Z l )i[ c A} l 

(6.1.6) 

l^Km' 2^i^m 

Since, by 3.7.6], ||Zj|| < ||B|| for i > 1, the induction hypothesis applied to Zj shows that 
[c-Z]i[ c A]i is given by an expression like in the right hand side of (|6.1.ip . for i > 1 and large c. 
Consequently, [ c -B]i[ c A|i is of the required form. □ 

We now use 16. II to construct the Z-algebra lCz(n) as follows. Let JC(n) be the free ^i-module 
with basis {A \ A G @a(ti)}. There is a unique structure of associative i^-algebra (without 
unit) on this module in which B ■ A = Yli^i^m Bi(x)Xi (notation of 16. ip if co(B) = ro(A) and 
B ■ A = 0, otherwise. Consider the specialization Z\ — > Z obtained by sending x to and let 

ICi(n) = JC(n) Z. 
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Then JC%,(n) is an associative algebra over Z with basis {A (g) 1 | A G A (re)}. We will denote the 
element A ® 1 by [A]i in the sequel. By 15.41 and 14.51 the following multiplication formulas hold 
in the algebra }Cz(n). 

Proposition 6.2. Let A,B£ @&(n) be such that co(B) = ro(A). In the algebra K,%(n), the 
following statements hold. 

(1) If B — J2i<i< n a i^ti+i * s diagonal for some a G N", then 

[s]i[i]!= E n ("'•' ' '"O • 7 r : 



T68 4 (n),ro(T)=a l^i^n x ' '■■ 



(2) If B — X^i^i^n a i^i+i,i i s diagonal for some a G N A , i/ien 

p]i[4i= e n ("'•' 'l' j / 

T69i(n),ro(T)=a l<isSn \ ' X >3 ' 

(3) There exist upper triangular matrixs A4 and lower triangular matrixs Bj in Q&(n) ss (1 ^ 
i ^ s, 1 ^ j ^ t) such that 

[At]! ■ ■ ■ [A s ]i[Bx}x ■ ■ ■ [B t ]i = [A} X + lower terms, 

where "lower terms" stands for a TL-linear combination of terms [A']i with A' G A (ro), A' -< A, 
co(A') = co(A) and ro(A') = ro(A). 

The algebra K%[n) and <S A (n, r)% are related by the following algebra homomorphism. 

Proposition 6.3. The linear map Q r : K,%(n) — > <S A (n, r)% defined by 



Cr(Ml) = { 



is a surjective algebra homomorphism. 



[Ah if AeQ A (n,r); 
otherwise 



Proof. Since, by 16.2( 3). the algebra JCz(n) is generated by [A] with A G A (n) ss , it is enough to 
prove that 

(6.3.1) ( r ([B]i[A}i) = Cr([B} 1 )Cr([A} 1 ) 

for B G 9 A (n) ss and A G G A (n) with co{B) = 10(A). If a (A) + r, then Cr([-B]iL4]i) = = 
U[B]i)U[A]i). 

Now we assume a(A) = r, co(B) = ro(A), B = Xa<j<n a i-^ii+i + diag(/3) G A (n) ss for some 
a G N™ and /3 G Z™. Let us prove (|6.3.ip in three cases. 

Case 1 If A, B G @ A (n,r), then the assertion follows from 15 . 31 and [6T27 1 ) . 
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Case 2 Suppose aj 0j j < for some 1 ^ iq ^ n. If T G @&(n) is such that ro(T) = a and 
A + T-f G 8 A (n), then 

C r (( a,I) ''» + " ^'^[A + T- T]i) = 

VV Wo,io / / 

since a^+i^-t^-i^ < t; 0iio . It follows from[0^1) that Cr ( [B] i L4] i ) = = Cr([-B]i)Cr([-4]l)- 
Case 3 Suppose /3j < for some 1 ^ io ^ n. Let T £ A («) be such that ro(T) = a and 
A + T — T G Ga(w)- Since /3 + Xa<i<n a « e f+i = C °{B) = vo(A) and ro(T) = a, we have 

^^(^io,.s ^io — l,s) ^ ] ®io,s C^io — 1 fto ^ ^' 

and hence ai 0j k — ti -i,k + U ,k < *i ,fc f° r some k G Z. Thus, 

C r ^ aio ' fc + " L4 + r - f]^ = o. 

This together with E2{1) implies that ( r ([B]i[A]i) = = i)C r ([A] i). 

Similarly, if B — 5^i<i<n a «-^i+l i ^ s diagonal for some a G ©A( n )> Cr([-B]i [A]i) = = 
Cr([-B]i)Cr([^4]i)- The proof is completed. □ 

7. The completion algebra Kq(ti) of K%(n) and multiplication formulas 

Let Kq(ii) = JCz(n) <8>z Q- As in [1, 5.1], let /C<Q>(n) be the vector space of all formal 
(possibly infinite) Q-linear combinations ^2 Ae Q A ^ Pa[A] such that for any x G Z n , the sets 
{A G 6 A (n) | j3 A + 0, ro(A) = x} and {A G 8 A (n) 1/3^/0, co(A) = x} are finite. We shall 
regard /Cz(n) naturally as a subset of /C$j(n). We can define the product of two elements 
52a£sPa[A]i, T, B es7B[B]i in K<^(n) to be YjA,bPa7b[A]\ ■ [B]i where [A]i ■ [B]i is the prod- 
uct in )Cz(n). This defines an associative algebra structure on JCq(u). This algebra has a unit 
element: Easz a " .[diag(A)]i. 

We now establish some important multiplication formulas in JCq(ti) and S&(n, v)q, which will 
be used to realize Uz(gl n ) as a Z-subalgebra of Kq(ti). These formulas are the affine analogue 
of [H 5.3]. 

For m,k 1 ,k 2 ,--- ,h G N with k { = m, let ( fclife m .. J = fcl!fc " ! .. fct! - For 

A, M W, • • • , /x« G N£ with A = Z Ws » U) , let 

Recall the order relation defined in (|1.1.3|) . We need the following well known combinational 
formulas. 
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Lemma 7.1. For m, n G Z, a, 6 G N we Ziaue 

3 a-j J ! 



/r,\ /m\ /m\ _ / a+6-c 

W IJUr 2-r ^ c,a-c,6-c ; V a+b-c ) ■ 

0Cc^min{a,b} 



Corollary 7.2. For A,/igK" and a, /3 G Z™ we /taue 

u) (a— a*) ' 



1,^-1,^-1 ) I A+/1-7 



(2)(a)(u)= E ' A+M_7 W ° 



For A G 9^(n), A G N™ let 

^ A > = E (^V + diagOu)]xG£Q(n) 

^{A,r}= Yl f^[A + diag(A*)]i G5 A (n,r) z . 

HeA4(n,r-(r(7l)) 

Also, for ^ G M An (Z), define 

^4{A} = and A{A, r} = if ay < for some i / j. 
For A G 8a(w) let A(^4) be the element in Z" such that 

diag(A(A)) = A , 

where ^4° is defined in (|4.1.2p . Recall the map~: Oa(^) — > @a{ti) defined in (|5.2.2p . 

Proposition 7.3. Let A G 6* (n), 5 = Ei<i<n a i E ti+i an d C = Eiscis;™ a i E t+i,i witfl a G n a ■ 
Let A,/x G N". T/ie following identities holds in JCq(ji): 

(2)B{0}A{A} = V ( T>5 ) J] " ti - 1 >3 +ti A(A + T ± -T ± ){\(T) + 5} 



ro(T) = a, i^A 3&,j^i 



where 



^• 5 > = E I a - /3 - <5 UM(r)-^ eZ ' 



3<A-« 



(3)C{0}A{A}= ]T &(T,<5) [] + ti ' j )(^-T ± +T ± ){A(T)+<5} 



ro(T) = a,i^A )&L,3& 
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where 

MTX\ V (x(T)-X(f)\ ( X(f) + 5 \ 

The same formulas hold in 5 A (n,r)^ with ^4{A} replaced by A{X,r}. 
Proof. First, by 1731 

0{^{A}=E( rO( ' 4 ! + £ *)(I)[-4 + ^(«)]. 



E f^) (?)(?) [A + dhg(«)]. 

s. J: ( -1)(,J-r/-,)G + r-,)'-^ 



\P,8,X-P 

proving (1). To prove (2), we conclude from 16.21 that 

B{0}A{X}= ^ (]) B + diag ^ 7 + vo(A) - ]T a i& 



7ez 



A 

i+1 



[A + diag( 7 )]i 

l 



T66 s (n) l^i^n 
ro(T) = a j£Z.,3^i 

where 

^ f 7 -A(T) + A(T) 
Furthermore, by 17.21 we have 



*T= E (a) I \(T) J M + T± " f " + di ^<7 " A(T) + ACT))],. 
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A(T)-A(T)\ / j + A(T)-/3 
A-j J V^j-A A(T)-/3 



/SSJKA, /3^A(T) 



= ^ a(T,<,)(A + T ± -T ± ){<5 + A(T)}. 

Therefore, (2) holds. Formula (3) is proved similarly. □ 

8. The algebra Vz(ra) 
We shall denote by Vz(ra) the Z-submodule of /Cq)(n) spanned by 

03 := {A{\} | A G 8±(n), A G N™}. 

We will prove that Vz(n) is actually a Z-subalgebra of ACq(«.) in 18.51 

Lemma 8.1. T/ie se£ 53 forms a "L-basis for Vg(n). 

Proof. It is enough to prove the linear independence of 53. Suppose 

k AX A{\} = 0, 



for some k^ \ G Z. Then 



E " - "' 

Aee±(n) Aee±(n) \AeN™ 



for some /caa G Z. Thus, 2~^AeN™ ^4,A ( a) = 0> for any A G 0^(n), [i G Z™. We want to 
show that kj^ x = for all A, A. If this is not the case, then there exist B G 0^(n) such that 
Xb '■= {A G N" | ks t \ 7^ 0} 7^ 0. Let f be the minimal element in Xb with respect to the 
lexicographic order. Then 

k B ,u= Yl = E 



«A fl AGN" 
i/>A 



since v is minimal. This is a contradiction. □ 
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Let V£(n) = span z {A{0} i £ 9 A + (n)}, Vg (n) = span z {A{0} i £ 6[(n)} and V£(n) = 
span z {0{A} | A € N™}. By [T^l), Vg(n) is a Z-subalgebra of £ Q (ra). Also, we will see in IO 
that (n) and V^"(n) are Z-subalgebras of K.q(n). 

The maps r r defined in (|4.0,4p induce an algebra anti-automorphism 

r : IC z (n) -> /C 2 (n) -+ [*A]x). 

Consequently, we get an algebra anti-automorphism 

(8.1.1) r : £ Q (n) -> £ Q (n) 

defined by sending £ a /3a[^4]i to £ a /?aNi- Clearly, t(A{A}) = (*A){A} for A G (n) and 
A G N™. Thus, 

(8.1.2) V z (n) = r(V+(n)). 

Lemma 8.2. (1) Vt(n) (resp., V%(n)) is a TL-subalgebras of K,q(ti) and the linear map 6 + : 
fidji)z -4 V£(n) (resp., 9' : ^{n)°^ ->■ V%{n)) taking ua,i -> -4{0} ('resp., u A ,i ->• (* J 4){0}J /or 
^4 G 0^(n) is an algebra isomorphism. 

(2) Vg(n) ("resp., (n)j is generated by E ae N™ "^i+iW f res P-> E qG n™ a ^i+i,i{°J^ / or 
a G N™ as a TL-algebra. 

Proof. Statement (2) follows from (1) and l2.1i We now prove (1). Let V™~ (n) be the Z-submodule 
of fJr>0 ^A( n ; r)Q spanned by the elements (A{0,r}) r ^o for A G @A~(n)}. Since the elements 
(-A{0, r}) r ^o (-4 G A (n)) are linearly independent, the map 77+ defined in l4.1l induce an injective 
algebra homomorphism 

Thus (n) = ?? + (i3 A (n)^) is a Z-subalgebra of ^(^ r )Q and the restriction of rj + to S)&(n)% 
induces a Z-algebra isomorphism 

(8.2.1) V + :Sj A (n) z 4 V+(n). 

On the other hand, the map £ r defined in 16.31 induces a surjective algebra homomorphism 

(8.2.2) Cr ■ JCq(ti) 5 A (n,r) Q 

sending E A ee A (n) to E Ae e A („) A*Cr([Ali)- Consequently, we get an algebra homomor- 

phism 

(8.2.3) C = HCr-^Q(n)^llS A (n,r) Q . 

r>0 r>0 
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Since C(A{0}) = (A{O,r}) r>0 for A G 6^(n) and the elements (A{0,r}) rS > (-4 G 6^ (n)) are 
linearly independent, the restriction of ( to V%(n) is injective and hence we get a bijective map 

C:V+(n)^V+(n). 

This, together with ([8.2. ip . implies that V%(n) is a subalgebra of /Cq(ti) and # + = C 1 ° ?7 + is 
an algebra isomorphism. Finally, using (j8.1.2p . we get the similar result for V™ (n). □ 

Recall the notation A a and B a introduced in (|4,l.ip . For w = a.i&2 • • ■ a m £ ^ with the tight 
form b^b^' 2 • • • b** we let 

n^) = A Xlhl {0}A X2h2 {0} ■ ■ ■ A xtht {0} G £ Q (n), 
n (w) = B a>ibi{0}-B<Baba{°} ' ' ' ^ t b t {0} G £ Q (n). 

The triangular relation for affine Schur algebras can be lifted to the level of fCqin) as follows. 

Lemma 8.3. Let A G @t( n ) an d A G N". 

(1) We have 

i + {0}0{A}i-{0} = A{\} + (l^-) Mi} + / 

where f is a Z-linear combination of B{v} such that B G Q^(n), B ^ A and v G N". 

(2) There exist w^+,w^~ G X suc/i that p(w^+) = A + , p{wa-) = A~ and 

where g is a Z-linear combination of B{v} such that B G Q&(n), B -< A and v G N". 
Proof. By 14.31 and 16.11 for any G Z" we have 



(8.3.1) 



^+{0}[diag(//)]^-{0} = [A + diag^ - o-(A))] + /„ 
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where /„ is a Z-linear combination of [B] such that B < A and co(B) = co(A) + fi — it (A) and 
ro(B) = ro(^4) + fj, — <r(A). This equality together with 17.21 implies that 

A + {0}0{X}A-{0}= £ (J) ([A + diagfci + /,,) 



EE(;)(^)i^'*)w 

;era™ V J / 



KA 

where / = X^gz™ (a) /m- By 17.31 and 18.2( 2). / must be a Z-linear combination of B{v} for 
various B G 0^(n) such that B -< A and various v G N™. This proves (1). The assertion (2) 
follows from ( 1 ), O and E2( 1 ) . □ 

Corollary 8.4. We We V z (n) = V^(n)V^(n)V z (n) = V^(n) <g> Vg(n) ® V z (n). 

Proof. Clearly, Ejfl) implies that V z (n) = V^(n)V^(n)V z (n). Furthermore, byOandE^l), 
the set {vl + {0}0{A} J 4 _ {0} [ yl G 0^ (n), A G N"} is linearly independent. The proof is com- 
pleted. □ 

Now we can prove the main result of this section, which is the affine analogue of [1, 5.5]. 

Proposition 8.5. (1) V%{n) is a 'L-subalgebra of ICq(n). 

(2) The elements a^ +1 {0} 3 £ 1<i<n a^JO}, 0{A,ef} tfbr a G N", A, G N, 

1 ^ i ^ n) generate V%(n) as a Z-algebra. 

Proof. Let Vz(n)i be the Z-subalgebra of ICq(n) generated by the elements indicated in (2). From 
17.31 we see that Vz(n)i C Vz(n)iVz(n) C Vz{n). So it is enough to prove that A{\} G Vz(n)i 
for all A G @]t( n ) an d A G N™. We shall prove this by induction on ||A||. If \\A\\ = 0, then A = 
and 0{A} = 0{A ie f } • • • 0{A n e£} G V z (n)i. 

Now we assume that ||j4|| > and our statement is true for A' with \\A'\\ < \\A\\. By I8.3T 2). 
there exist , w^- G £ such that 

n+ ,n7 , = A{0} + g 

where 5 is a Z-linear combination of -B{z/} with I? G 0^(n), -B -< A and f G N™. Since, by 
3.7.6], B -< A implies that \\B\\ < \\A\\, we have by the induction hypothesis g G Vz(n)i. 
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Consequently, A{0} G Vz(n)i- Furthermore, bv !7.3f 1). 

(8.5.1) 0{\}A{0} = A{\} + Y,(™^l)A{5} = A{\} + J2 (a°^)^ } - 

Thus, using induction on cx(A), we see that A{\} G Vz(n)i for A G N". This finishes the 
proof. □ 

Let Vq(n) = span^^B. Then, by 18.51 Vq(u) is a Q-subalgebra of K.Q(n). We will prove that 
V(Q)(n) is isomorphic to U(qI ti ). By 18.11 the set OS forms a Q-basis for Vq(n). We end this section 
with the construction of another Q-basis for Vq(u). For A G O^(n) and j G N", define (cf. |llj, 
(3.0.3)], [51 (5.4.2.1)]) 

= Y, A j [A + diag(A)]! G£ Q (n) 
4[i,r] = Y A j [A + diag(A)]i G5 A (n,r) z , 

AGAi(n,r-cr(A)) 

where A j = Ui^n H*- Note that > b y definition, A[0] = A{0} and 0[ef ] = 0{ef } for A G 6^ (re) 
and ieZ. Clearly, the following multiplication formula follows immediately from the definition. 

Lemma 8.6. For A G O^(n) and j,j' G N™ we /lave 

0M]= £ ( J ^)(ro(A))j'"^[a+j]. 

In particular we have 0[j']0[j] = 0[j + j']. 

Lemma 8.7. Let V^(re) be the Q-subspace of Vq(u) spanned by the elements 0{A} for A G N™. 
Then the set {0[j] | j G N^} forms a Q-basis for Vqj(re). 

Proof. Let Vq(u)i = span^jOfj] | j G N^}. By [5J 6.3.3], it is enough to prove that Vq(u) = 
V$(n)i. Since, bv 17311). V^(re) is a Q-subalgebra of JC Q {n), we have 0[j] = 0[ef] jl ■ ■ ■ 0[e£p'" = 
0{ef p 1 • • • 0{e£p'" G Vg(n) for j G N". Furthermore, byEU Vq{n)i is a Q-subalgebra of £ Q (re) . 
This implies that 

m- ii o{i,ef } = n 0[e - 1(01efl - 1) -.;; (0[e - 1 " ji+1) ^ Wl . 

Consequently, Vq(u) = Vq(ti)i. □ 

Proposition 8.8. The set £ := {A\j] \ A G 6^(n), j G Z"} /orms a Q-basis for Vq(n). 

Proof. For 4 G Cf(n), let V A = span Q {^{A} | A G N™} and W A = span Q {yl[A] | A G N™}. 
Since, by |5J 6.3.3], the set £ is linearly independent, it is enough to prove that Va = VVa for 
each A. Fix ^4 G 6^(n). We now prove ^4{A} G and A [A] G Va by induction on <r(A). If 
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cr(A) = then ^{0} = A[0] G Wa H Va- Now we assume cr(A) > 1 and A{fi} G Wa, ^-[m] S Va 
for /i G N™ with <r(^) < <r(A). By and E3 we have 0{A}^{0} = 0{A}^[0] G Wa- This, 
together with (|8.5.1|) and the induction hypothesis, implies that A{A} G Wa- On the other 
hand, by 18.61 we have 

A[X] = 0[X]A[0] - £ f^)vo(A) x ' a A[a]. 

<r(a)<cr(A) 

Furthermore, by OH.) and \8J\ we have 0[A]A[0] = 0[A]yl{0} G Va- Thus, by the induction 
hypothesis, A[X] G Va- Consequently, Va = Wa for all A G 6 A (n). This finishes the proof. □ 

9. Realization of Uz(gl n ) and affine Schur-Weyl duality 

In this section, we will prove that Vg(n) is the realization ofM%(gl n ) and use it to prove that 
the natural surjective algebra homomorphism £ r : U(gl n ) — > 5 A (n, r)q remains surjective at the 
integral level. 

By [29] and [5j 6.1.3], there is a unique surjective algebra homomorphism 
(9.0.1) £ r :UQ n ) ^S A (n,r) Q 

such that £ r (E£j) = E£jQ,r] and ^(Efy) = 0[ef , r] for i / j. We will see that the maps £ r 
induce an algebra isomorphism £ from W(gl n ) to V<Q)(n) such that £(Uz(gl n )) = Vz(n). 

Lemma 9.1. There is a unique algebra homomorphism 
such that £(£A.) = Efa[0] and £(Ef.) = 0[ef ] for i + j. 

Proof. Note that U(gi n ) has a presentation with generators Efy (K i ( n, j £ Z), subject to 
the following relations: 

(a) [E^E^] = {5-^-5-^. 

(b) ^aj = 5- jtli E* +j _ k - Si-E^, for M j and M 
Thus it is enough to prove that 

(Rl) 0[ef]0[e A ] = 0[e A ]0[ef]foralH,A ; ; 

(R2) 0[ef ]^[0] - ££,[0]0[e£] = - %)i^[0] for fc + l; 

(R3) ^-[0]^ i{ [0] - E^[0]E^[0] = 5 u E^ l+] _ k [0] - %^ J+/ _J0] for ^jand^ *■ 
For i, k G Z, we have 

0[ef]0[e A ] = 0[ef + e A ]=0[e A ]0[ef], 
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proving (Rl). By definition, for i€Z and k ^ I G Z, we have 

0[ ei A ]E^[0] - E^[O)0[et] =J2(^ + kk)\ E k,i + dia s(^)l - E ^ + W^,' + dia S^)l 

proving (R2). 

It remains to prove (R3). Assume i 7^ j and k ^ I. Applying ^ r to (b) yields 

E^[0,r]E^[0,r] - E^[0,r]E^[0,r] = 6 u Ef; l+j _ k [0,r] - ^^[O, r]. 

Multiplying on both sides by [diag(A)]i (A G A A (n,r) and A ^ ef + e£) gives the following 
formula in 5 A (n, t)q: 

[E& + diag^ 1 ))]^ + diag(A( 2 ))]! - [E^ + diag^ 3 ))]^ + diag(A( 4 ))h 
= 6 rk [E* l+j _ k + diag(A( 1 ))] 1 - d^E*^ + diagCA^)]!, 

where A« = A - ef , A( 2 ) = A - ef + e£ - e£, \® = A - e£, A< 4 > = A - e£ + ef - ef . Thus by 
16,11 and the definition of JCz(n), for any A £ Z™, we have in /Cq(7i), 

[diagCAJliC^IOj^IO] - ^[0]^-[0]) = + diag(A«)Mi^ + diag(A( 2 ))h 

- [E£ >t + diagCA^)]!^- + diag(A( 4 ))]! 
= 5 3 - k [Et il+ ^ k + diag(A( 1 ))] 1 - Sj^E^^ + diag(A( 3 ))h 
= [diag(A)] 1 (^ iS ^ +i _ A; [0] - 5 u El 3+l _M)- 

This implies that, 

EtM E kM -EiMEtM = E [^z^MEtMKM -EiMEtM) 



= ]T [diag(A)M^i^ +J _ fc [0] -5 f -Et J+l _M) 

AGZ" 

proving (R3). □ 

We can now prove that Vz{n) gives a BLM realization of Uz(qI h ), which is the affine version 
of [H 5.7]. 

Theorem 9.2. (1) The algebra homomorphism £ : ZY(g[ n ) — > Vq(ji) defined in \9.1\ is an algebra 
isomorphism. 

(2) Wz(fll„) is a TL-subalgebra ofU(Ql n ) and the restriction of £ to Wz(fll n ) gives a Z-algebra 
isomorphism £ : t/z(fll n ) — > Vz(n). 
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Proof. We first prove (1). Let C + = {(i,j) | 1 ^ i ^ n, j G Z, i < j} and C = | 1 ^ i ^ 

n, j € Z, i > j}. ByO;i),E2i;i) and (|5T2|> . the set 



n (^-[°]) c 



re S p.,{ (^-[0]) c 

v f „- „*\ r- r — 



forms a Q-basis for (n)(resp., "^(n)), where the products are taken with respect to a fixed 
total order on C + (resp., C~). This, together with 18.41 and 18. 7\ implies that the set 



A G G^(n), j GN" 



forms a Q-basis for Vq(ti). Thus £ sends a PBW-basis of £/(fll n ) to a basis of Vq(ti). Conse- 
quently, £ is an algebra isomorphism. 

To see (2), by (1) and I8.5f 1). it is enough to prove £(Uz(gl n )) = Vz(n). Recall the algebra 
homomorphism l + : ^(^q — > ^(fl^n) defined in 13. H and the algebra isomorphism 6 + : fj A ( n )z 

(n) described in 18.21 The map # + induces an injective algebra isomorphism Sj A (n)^ — > V<Q>(n), 
which is also denoted by # + . Since, by |3-H $j&(n)Q is generated by for i < j, and since 

for i < j, we conclude that £ o z+ = 0+. So (n) = # + (fj A (n) z ) = £ ° t+ (£)A( n )z) = ^(^z(fl"n))- 
Similarly we have V%(n) = (gl n )). Furthermore, since 



< n 



E 



1,1 
A; 



0{A}, 



we have V%(n) = ^(U^(gl n )). Thus, by[H3]we conclude that 

Vz(n) = V+(n)V^(n)V^(n) = {olMbW (fo) = ^(flO), 



proving (2). 
Corollary 9.3. 



□ 



\ n ) is a 7*-Hopf subalgebra oflA{g\ n ) with comultiplication given by 



A(^ + (ua,i)) 
A(t"(«A,l)) 



^ i + (-U A (l)) ® i + {u X( 2)) 



A (l) >A (2) gN n 



A=A( 1 ) + A( 2 ) 

^ t~(« A Cl))®4"(« A (3)) 



A i [ M 



A (l) >A (2) gN n 
A=a(!) + a(2) 



E 



/or A £ N", l^i^n anc? i £ N, where u\ : i = u\s x ] <S> 1. 
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Proof. By (|2"X4]h E2l) . (pXBl . (^2Tj) and|U ^(gtj and W|(fli„) are Z-Hopf subalgebras 
of W(g[ ra ). Clearly, there is a natural algebra anti-isomorphism 

$ : WfoO -»• UQ n )(Etj ^ Vi,j). 

Since &(U% (gl n )) = U%(gl n ), and $ preserves comultiplication and antipode, U^{g\ n ) is also a 
Z-Hopf subalgebra of U{g\ n ). The proof is completed. □ 

Finally, we will prove that Cr : U%(gl n ) — > 5 A (n,r)^ is surjective. By restriction, the algebra 
homomorphism Cr : /C<Qi(n) — > 5 A (n,r)Q defined in (|8.2.2p induces an algebra homomorphism 

(9.3.1) Cr := Cr|v Q (n) : V Q (n) -> S A (n,r) Q . 

Clearly, CrO(A}) = ^{A,r} for A G G A t (n) and A G N A . 
Lemma 9.4. The algebra homomorphism 

(r ■ V®(n) -4 5 A (n,r)Q 
zs surjective and we have Cr(Vz(n)) = S A (n,r)z- 
Proof. Since 0{A,r} = [diag(A)] for A G A A (n,r), we have 

Cr(V^(n)) = span z {0{A,r} | A G N A } = span z {[diag(A)] | A G A A (n,r)}. 

Thus, bvlOandlOl 

Cr(V z (n)) =span z {^+{O,r}0{A ! r}A-{O,r} | A G 6±(n), A G N™} 

= span z {^+{0,r}[diag(A)]A-{0,r} | A G A (n), A G A A (n,r)} 
= 5 A (n,r) z , 

proving the assertion. □ 
Theorem 9.5. T/ie restriction of Cr to Uz(gl n ) gives a surjective Z-algebra homomorphism 

Cr : Ui(g{ n ) -» S A (n,r) z . 



Proof. Clearly, Cr°£(#&) = Cr(#&[0]) = #&[0,r] = for any i + j G Z and & 

Cr(0[e 4 A ]) = 0[e^,r] = CriE^). Thus we have the following commutative diagram: 




<S A (n, r) 

It follows from &2\ and El that ^(^(flU) = Cr o = Cr(V Z (n)) = <S A (n, r) z . □ 

Let fc be a field. We denote Uk(gl n ) = Uz(gl n ) ® k and <S A (n, r)& = <S A (n, r)z <8> A;. 
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Corollary 9.6. For any field k, the algebra homomorphism 



i r ®id: U k (gl n ) -» S A {n, r) k = End^ 



AeAA(n,r) 



k ®± & < 




is surjective. 
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